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a b s t r a c t
We investigate the stability of the solutions of a rational difference equation and confirm
the conjectures which were proposed by Kulenović and Ladas in [M.R.S. Kulenović,
G. Ladas, Dynamics of Second Order Rational Difference Equations with Open Problems
and Conjectures, Chapman & Hall/CRC Press, 2001].
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Nonlinear difference equations of order greater than one are of paramount importance in applications. Such equations
also appear naturally as discrete analogues and as numerical solutions of differential and delay differential equations
which model diverse phenomena in biology, ecology, physiology, physics, engineering and economics. In recent years, the
asymptotically stable nonlinear difference equations have been investigated by many authors; see [1–11].
In [1], Kulenović and Ladas considered the difference equation
xn+1 = α + βxn + γ xn−1A+ Bxn + Cxn−1 , n = 0, 1, . . . (1)
where α, β, γ , A, B, C ∈ (0,∞) and the initial conditions x−1, x0 are arbitrary nonnegative real numbers and proposed the
following conjectures:
Conjecture 1. Assume that Eq. (1) has no prime period-two solution. This shows that the positive equilibrium of Eq. (1) is
asymptotically stable.
Conjecture 2. Assume that Eq. (1) has a prime period-two solution. This shows that the positive equilibrium of Eq. (1) is a saddle
point.
In this note, we give a positive answer to the above problems. Whereas, it is extremely difficult for us to use the method
in the known literature to obtain that the positive equilibrium of Eq. (1) is asymptotically stable under the conditions that
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Eq. (1) has no prime period-two solution and
α >
(γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
.
2. Preliminaries
We now present some definitions and known results which will be useful in our investigation of Eq. (1).
Let f : Jk+1 → J be a continuous function, where k is a non-negative integer and J is an interval of real numbers. Consider
the difference equation
xn+1 = f (xn, xn−1, . . . , xn−k), n = 0, 1, . . . (2)
with initial conditions x−k, x−k+1, . . . , x0 ∈ J .
We say that x¯ is an equilibrium point of Eq. (2) if
f (x¯, x¯, . . . , x¯) = x¯.
We now impose the further restriction that the function f (u0, u1, . . . , uk) be continuously differentiable.
The linearized equation of Eq. (2) about the equilibrium point x¯ is the linear difference equation
Zn+1 = a0Zn + a1Zn−1 + · · · + akZn−k, n = 0, 1, . . . , (3)
where
ai = ∂ f
∂ui
(x¯, x¯, . . . , x¯), for i = 0, 1, . . . , k.
The characteristic equation of Eq. (3) is
λk+1 − a0λk − a1λk−1 − · · · − ak−1λ− ak = 0. (4)
Definition 2.1. The equilibrium point x¯ of Eq. (2) is said to be:
(a) Stable if given ε > 0 there exists δ > 0 such that
0
i=−k
|xi − x| < δ
which implies
|xn − x| < ε for all n ≥ −k.
(b) Attracting if there exists µ > 0 such that
0
i=−k
|xi − x| < µ
which implies
lim
n→∞ xn = x¯.
(c) Asymptotically stable if it is stable and attracting.
(d) Hyperbolic if no root of Eq. (4) has modulus equal to one and non-hyperbolic if at least one root of Eq. (4) has modulus
equal to one.
(e) A saddle point if it is hyperbolic and if in addition, there exists a root of Eq. (4) with absolute value less than one and
another root of Eq. (4) with absolute value greater than one.
Definition 2.2. Let {xn}∞n=−k be a solution of Eq. (2), {xn}∞n=−k is said to be
(a) periodic with period p if
xn+p = xn for all n ≥ −k (5)
(b) periodic with prime period p or p-cycle if it is periodic with period p and p is the least positive integer for which (5) holds.
The following result is useful in determining the stability character of the equilibrium point x¯ of Eq. (2).
Theorem 2.1 (The Linearized Stability Theorem).
(1) If all the characteristic roots of Eq. (4) lie inside the unit disk in the complex plane, then the equilibrium point x¯ of Eq. (2) is
asymptotically stable.
(2) If at least one characteristic root of Eq. (4) lie outside the unit disk in the complex plane, the equilibrium point x¯ of Eq. (2) is
unstable.
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Theorem 2.2. A necessary and sufficient condition that all roots of the quadratic equation with real coefficients
λ2 + a0λ+ a1 = 0
lie inside the unit disk in the complex plane is
|a0| < a1 + 1 < 2.
Theorem 2.3. Assume α, β, γ , A, B, C ∈ (0,∞). Then Eq. (1) has a positive prime period-two solution if only if
γ > β + A, B > C
and
α <
(γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
.
3. Main results
In this section, we show the main result. Since α > 0, it is easy to see that Eq. (1) has a positive equilibrium.
Theorem 3.1. Assume that Eq. (1) has no prime period-two solution and
α ≠ (γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
.
Then the positive equilibrium of Eq. (1) is asymptotically stable.
Proof. Assume that Eq. (1) has no prime period-two solution and
α ≠ (γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
,
by Theorem 2.3 we know γ ≤ β + A, B ≤ C or α > (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
.
Note that
f (xn, xn−1) = α + βxn + γ xn−1A+ Bxn + Cxn−1 (6)
and the linearized equation of Eq. (1) about the positive equilibrium x¯ is
Zn+1 = β − Bx¯A+ (B+ C)x¯ Zn +
γ − Cx¯
A+ (B+ C)x¯ Zn−1 (7)
with the characteristic equation
λ2 − β − Bx¯
A+ (B+ C)x¯λ−
γ − Cx¯
A+ (B+ C)x¯ = 0. (8)
It follows from Theorems 2.1 and 2.2 that it suffices to show that
|a0| < 1+ a1 < 2,
where a1 = − γ−Cx¯A+(B+C)x¯ , a0 = − β−Bx¯A+(B+C)x¯ .
Note that γ + A+ Bx¯ > 0, we have 1− γ−Cx¯A+(B+C)x¯ < 2, which follows 1+ a1 < 2.
Now we show that a0 < 1+ a1. Note that
a0 < 1+ a1 ⇔ − β − Bx¯A+ (B+ C)x¯ < 1−
γ − Cx¯
A+ (B+ C)x¯
⇔ γ − β − A < 2Cx¯.
Consider the following cases:
Case 1. γ ≤ β + A. The result a0 < 1+ a1 is clear.
Case 2. γ > β + A and B ≤ C . Since the positive equilibrium point of (1) is x¯ = α+β x¯+γ x¯A+Bx¯+Cx¯ , then (B+ C)x¯ = αx¯ + (β + γ )− A.
Hence
α
x¯
+ (β + γ )− A = (B+ C)x¯ ≤ 2Cx¯. (9)
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On the other hand,
γ − (β + A) < α
x¯
+ (β + γ )− A = (B+ C)x¯. (10)
In view of (9) and (10), we get γ − (β + A) < 2Cx¯, which follows a0 < 1+ a1.
Case 3. γ > β + A, B > C and α > (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
. In this case,
α >
(γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
= [B(γ − β − A)− 2βC]
2 − (β + γ − A)2C2
4(B+ C)C2 ,
which follows
[(β + γ − A)2 + 4α(B+ C)]C2 > [B(γ − β − A)− 2βC]2
= {B(γ − β − A)+ C[(γ − β − A)− (β + γ − A)]}2.
Then we have
x¯ = β + γ − A+

(β + γ − A)2 + 4α(B+ C)
2(B+ C)
>
γ − β − A
2C
.
Therefore γ − β − A < 2Cx¯, which implies a0 < 1+ a1.
Finally, we show that−1− a1 < a0. Since x¯ is the positive equilibrium point of Eq. (1), we have
x¯ = β + γ − A+

(β + γ − A)2 + 4α(B+ C)
2(B+ C)
>
β + γ − A
2(B+ C) .
Note that
−a0 − a1 < 1⇔ β − Bx¯A+ (B+ C)x¯ +
γ − Cx¯
A+ (B+ C)x¯ < 1
⇔ β + γ − (B+ C)x¯ < A+ (B+ C)x¯
⇔ x¯ > β + γ − A
2(B+ C) ,
then−1− a1 < a0. Hence Theorem 3.1 holds. 
Theorem 3.2. Assume that Eq. (1) has a positive prime period-two solution. Then the positive equilibrium of Eq. (1) is unstable.
In fact, it is a saddle point.
Proof. Set
f (λ) = λ2 − β − Bx¯
A+ (B+ C)x¯λ−
γ − Cx¯
A+ (B+ C)x¯ ,
and let λ1, λ2 be the roots of the equation f (λ) = 0, it follows that |λ1λ2| = | γ−Cx¯A+(B+C)x¯ |. From the definition of the saddle
point, it suffices to prove that f (1) > 0, f (−1) < 0. From
x¯ = β + γ − A+

(β + γ − A)2 + 4α(B+ C)
2(B+ C)
it follows that
2(B+ C)x¯− (β + γ − A) =

(β + γ − A)2 + 4α(B+ C) > 0
hence
f (1) = 2(B+ C)x¯− (β + γ − A)
A+ (B+ C)x¯ > 0.
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In the following, we show that f (−1) < 0. It follows from Theorem 2.3 that γ > β + A, B > C and
0 < α <
(γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
,
from which we have B(γ − β − A) > C(γ + 3β − A), then B(γ − A− β)− 2βC > 0. Since
α <
(γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
= [B(γ − β − A)− 2βC]
2 − (β + γ − A)2C2
4(B+ C)C2 ,
it follows that
[(β + γ − A)2 + 4α(B+ C)]C2 < [B(γ − β − A)− 2βC]2
= {B(γ − β − A)+ C[(γ − β − A)− (β + γ − A)]}2.
Then we have
x¯ = β + γ − A+

(β + γ − A)2 + 4α(B+ C)
2(B+ C)
<
γ − β − A
2C
,
which implies A+ β − γ + 2Cx¯ < 0. Hence f (−1) < 0. Theorem 3.2 holds. 
Theorem 3.3. Assume that Eq. (1) has no prime period-two solution, γ > β + A, B > C and
α = (γ − β − A)[B(γ − β − A)− C(γ + 3β − A)]
4C2
,
the following properties hold:
(i) The positive equilibrium point x¯ of Eq. (1) is non-hyperbolic.
(ii) For every nonnegative solution {xn}∞n=−2 of Eq. (1), if there exists N such that (xN+1−x¯)(xN−x¯) ≤ 0, then (xn+1−x¯)(xn−x¯) ≤
0 for all n ≥ N.
Proof. (i) According to the assumption that the proof is similar to the proof in the case 3 of Theorem 3.1, we get x¯ = γ−β−A2C
and a0 = 1+ a1. Hence Eq. (8) reduces to
λ2 + (1+ a1)λ+ a1 = 0,
which has a root λ1 = −1 and another λ2 = −a1, where−1 < a1 < 0. The conclusion holds.
(ii) Let {xn}∞n=−2 be a nonnegative solution of Eq. (1). If there exists N such that (xN+1 − x¯)(xN − x¯) ≤ 0, assume without
loss of generality, (xN+1 − x¯) ≥ 0, (xN − x¯) ≤ 0. From γ > β + A, B > C and α > 0, it follows that
β − Bx¯ < −γ + β − A
2
< 0, γ − Cx¯ = γ + β + A
2
> 0,
note that
xn+1 − x¯ = −[(B+ C)x¯
2 + (A− β − γ )x¯− α] + (β − Bx¯)(xn − x¯)+ (γ − Cx¯)(xn−1 − x¯)
A+ Bxn + Cxn−1
= (β − Bx¯)(xn − x¯)+ (γ − Cx¯)(xn−1 − x¯)
A+ Bxn + Cxn−1 ,
consequently, (xN+2 − x¯) ≤ 0, the conclusion follows by induction. 
4. Numerical results
In this section, we give a few numerical results for some special values of the parameters.
Example 1. Case 1: (i) γ < β + A.
xn+1 = 3+2xn+4xn−15+3xn+xn−1 with x1 = 0.7, x2 = 1.2. (see Table 1 and Fig. 1)
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Table 1
xn+1 = 3+2xn+4xn−15+3xn+xn−1 with x1 = 0.7, x2 = 1.2.
i 1 2 3 4 5 6 7 8
xi 0.7000 1.2000 0.8817 1.0812 0.9522 1.0326 0.9806 1.0131
xi+8 0.9921 1.0052 0.9968 1.0021 0.9987 1.0008 0.9995 1.0003
xi+16 0.9998 1.0001 0.9999 1.0001 1.0000 1.0000 1.0000 1.0000
Table 2
xn+1 = 1+4xn+7xn−13+6xn+xn−1 with x1 = 1, x2 = 1.5.
i 1 2 3 4 5 6 7 8
xi 1.0000 1.5000 1.0769 1.4421 1.1239 1.3938 1.1566 1.3573
xi+8 1.1809 1.3305 1.1993 1.3110 1.2133 1.2967 1.2240 1.2863
xi+16 1.2321 1.2786 1.2382 1.2729 1.2428 1.2687 1.2463 1.2656
xi+24 1.2489 1.2633 1.2508 1.2616 1.2523 1.2603 1.2533 1.2593
xi+32 1.2542 1.2586 1.2548 1.2581 1.2552 1.2577 1.2556 1.2574
Table 3
xn+1 = 1+2xn+7xn−13+xn+2xn−1 with x1 = 1, x2 = 3.
i 1 2 3 4 5 6 7 8
xi 1.0000 3.0000 1.7500 2.3721 2.0282 2.2166 2.1170 2.1727
xi+8 2.1436 2.1600 2.1515 2.1563 2.1538 2.1552 2.1544 2.1548
xi+16 2.1546 2.1547 2.1547 2.1547 2.1547 2.1547 2.1547 2.1547
Table 4
xn+1 = 6+xn+7xn−14+8xn+2xn−1 with x1 = 0.6, x2 = 1.2.
i 1 2 3 4 5 6 7 8
xi 0.6000 1.2000 0.7703 1.2076 0.8288 1.1714 0.8632 1.1370
xi+8 0.8892 1.1091 0.9101 1.0871 0.9270 1.0696 0.9409 1.0558
xi+16 0.9521 1.0447 0.9613 1.0359 0.9687 1.0288 0.9747 1.0232
xi+24 0.9796 1.0187 0.9835 1.0150 0.9867 1.0121 0.9893 1.0097
xi+32 0.9913 1.0078 0.9930 1.0063 0.9944 1.0051 0.9955 1.0041
xi+40 0.9963 1.0033 0.9970 1.0027 0.9976 1.0021 0.9981 1.0017
Table 5
xn+1 = 12+4xn+16xn−14+9xn+2xn−1 with x1 = 0.7, x2 = 0.5, x¯ = 2.
i 1 2 3 4 5 6 7 8
xi 0.7000 0.5000 2.5455 1.0814 3.0309 1.2388 3.0856 1.2895
xi+8 3.0550 1.3163 3.0125 1.3368 2.9718 1.3548 2.9349 1.3711
xi+16 2.9016 1.3862 2.8714 1.4001 2.8438 1.4131 2.8187 1.4252
xi+24 2.7955 1.4366 2.7741 1.4473 2.7543 1.4574 2.7359 1.4669
xi+32 2.7186 1.4759 2.7025 1.4844 2.6874 1.4925 2.6732 1.5002
(ii) γ = β + A.
xn+1 = 1+4xn+7xn−13+6xn+xn−1 with x1 = 1, x2 = 1.5. (see Table 2 and Fig. 2)
Example 2. Case 2: γ > β + A and B ≤ C .
xn+1 = 1+2xn+7xn−13+xn+2xn−1 with x1 = 1, x2 = 3. (see Table 3 and Fig. 3)
Example 3. Case 3: γ > β + A, B > C and α > (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
.
xn+1 = 6+xn+7xn−14+8xn+2xn−1 with x1 = 0.6, x2 = 1.2. (see Table 4 and Fig. 4)
Example 4. γ > β + A, B > C and α = (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
.
xn+1 = 12+4xn+16xn−14+9xn+2xn−1 with x1 = 0.7, x2 = 0.5, x¯ = 2. (see Table 5 and Fig. 5)
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Fig. 1. Case 1.1: γ < β + A. xn+1 = 3+2xn+4xn−15+3xn+xn−1 with x1 = 0.7, x2 = 1.2.
Fig. 2. Case 1.2: γ = β + A. xn+1 = 1+4xn+7xn−13+6xn+xn−1 with x1 = 1, x2 = 1.5.
Fig. 3. Case 2: γ > β + A and B ≤ C . xn+1 = 1+2xn+7xn−13+xn+2xn−1 with x1 = 1, x2 = 3.
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Fig. 4. Case 3: γ > β + A, B > C and α > (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
. xn+1 = 6+xn+7xn−14+8xn+2xn−1 with x1 = 0.6, x2 = 1.2.
Fig. 5. γ > β + A, B > C and α = (γ−β−A)[B(γ−β−A)−C(γ+3β−A)]
4C2
. xn+1 = 12+4xn+16xn−14+9xn+2xn−1 with x1 = 0.7, x2 = 0.5, x¯ = 2.
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